Methodological development for the inference of gene regulatory networks from transcriptomic data is an active and important research area. Several approaches have been proposed to infer relationships among genes from observational steady-state expression data alone, mainly based on the use of graphical Gaussian models. However, these methods rely on the estimation of partial correlations and are only able to provide undirected graphs that cannot highlight causal relationships among genes. A major upcoming challenge is to jointly analyze observational transcriptomic data and intervention data obtained by performing knock-out or knock-down experiments in order to uncover causal gene regulatory relationships. To this end, in this technical note we present an explicit formula for the likelihood function for any complex intervention design in the context of Gaussian Bayesian networks, as well as its analytical maximization. This allows a direct calculation of the causal effects for known graph structure. We also show how to obtain the Fisher information in this context, which will be extremely useful for the choice of optimal intervention designs in the future.
Introduction
Inference of gene regulatory networks from transcriptomic data has been a wide research area in recent years. Several approaches have been proposed, mainly based on the use of graphical Gaussian models [1] . These methods, however, rely on the estimation of partial correlations and provide undirected graphs that cannot highlight the causal relationships among genes. Bühlmann et al. [7, 4] recently proposed a method to predict causal effects from observational data alone in the context of Gaussian Bayesian networks (GBN). In this method, the PC algorithm [3] is first applied to find the associated complete partially directed acyclic graph (CPDAG) among the graphs belonging to the corresponding equivalence class. Then, intervention calculus [5] is performed to estimate bounds for total causal effects based on each directed acyclic graph (DAG) in the equivalence class.
If knock-out or knock-down experiments are available, however, it is valuable to perform causal network inference from a mixture of observational and intervention data. One approach has been proposed to do so [6] , based on a simple comparison of observed gene expression values to the expression under intervention; the underlying idea is that if gene Y is regulated by gene X, then its expression value under a knock-out of gene X will be different from the value in a wild type experiment. We note that this method provided the best network estimation in the DREAM4 challenge, and has the advantage of being very fast to compute without imposing a restriction on the acyclicity of the graph. It does, however, require an intervention experiment to be performed for each gene, which can be unrealistic for real applications given the cost and time typically involved for knock-out experiments. In addition, although it is well-suited to the inference of the structure of the graph, it tends to be imprecise for the estimation of the strength of the interactions between genes.
The aim of this technical note is to propose an explicit calculation of the likelihood function for complex intervention designs, including both observational and intervention data, in the context of GBNs. This calculation makes use of the full set of available information available, does not require an intervention for each gene, and is able to deal with multiple interventions (e.g., a double gene knock-out experiment). For an known graph structure, we present here the likelihood calculation for observational data only, as well as for any intervention design. We also provide the analytical first order derivatives which allow a direct estimation of the graph structure as well as the causal effects. Finally, we give the Fisher information, which is not trivial to derive, and will be extremely useful in the future for the choice of optimal intervention designs.
The rest of this technical note is organized as follows. In Section 2, we define the model and set up a toy example for illustrative purposes. In Sections 3 and 4, we define the likelihood function, maximum likelihood estimators, and Fisher information in the case where only observational data are available and in the case where a mixture of intervention and observational data are available, respectively. In Section 5, we provide a brief discussion and conclusion.
Model definition

Definition
We consider the set X I , I = {1, . . . , p} a set of p Gaussian random variables defined by:
We assume that the ε j are independent, and that i ∈ pa(j) ⇒ i < j; this assumption is equivalent to assuming that the directed graph obtained using the parental relationships is acyclic. Given the parental structure of the graph, the model parameters are θ = (m, σ, w) where w i,j is nonzero only on the edge set (i, j) ∈ E = {i ∈ pa(j), j ∈ I}.
It is easy to see that this model is equivalent to X I ∼ N (µ; Σ), with:
where e j is a null row-vector except for the its j th term which is equal to 1, and where L = (I − W)
Note that the nilpotence of W is due to the fact that w i,j = 0 for all i j.
A toy example
We consider the particular case where p = 3, pa(1) = ∅, pa(2) = {1}, pa ( 3 Observational data
Likelihood
The log-likelihood of the model described in Equation (1) , given N observations
, may be written as follows:
Proof. For all k, let us define
T we obtain:
We now consider the derivative of ℓ with respect to m:
The maximization of ℓ(m, σ, w) in m for a fixed w hence does not depend on σ and is given by:
By replacing m j with this formula in Equation (2) we get an expression of the likelihood free of the parameter m:
where for all k, j we have:
Maximum likelihood estimator
Derivatives with respect to w
The derivatives ofl defined in Equation (3) with respect to w are as follows:
Proof. We first note the following:
As such, the maximization ofl(σ, w) in w can be done independently from σ by solving for all (i, j) ∈ E:
we find thatŵ is solution of the following linear system:
Derivatives with respect to σ
The derivatives ofl defined in Equation (3) with respect to σ are:
The maximization of ℓ(σ, w) in σ when m is fixed is thus given by:
Maximum of likelihood
If we now plug the MLE expressions back into the likelihood we get:
which means that the only part of this expression that is connected to the observed values is:
If we now assume that the model is full, which means w i,j = 0 for all i < j, we get
where
It is now easy to prove by recurrence that:
the key point being the following relationship (this is a result of basic linear algebra using the product of blocktrigonal matrices):
Thanks to this result, in the particular case of the full model (w i,j = 0 for all i < j) we hence have:
and since the determinant is invariant to any permutation of the row and columns, this maximum is the same for all possible orderings of the variables 1, . . . , p.
Toy example (continued)
Here is a sample of size N = 5 drawn from our toy example model: 
Fisher information 3.3.1 Hessian ofl
The (non-zero) second order derivatives ofl are given by:
Distribution of y k
We can rewrite Equation (4) as:
which is obviously a Gaussian vector with expectation:
and variance:
It is therefore easy to establish that:
Note that as a consequence of this, it is easy to prove that E[σ 
Information
The Fisher information matrix I(σ, w) can therefore be written as: e σj I(σ, w)e
Toy example (continued)
We present here the inverse Fisher information matrix in the particular case of our toy example model. Due to the block-wise nature of I(σ, w), the Cramer-Rao lower bound on the covariance matrix is given by blocks: 
Mixture of intervational and observational data 4.1 Case of a single intervention experiment
We assume now that we perform an intervention on a subset J ⊂ I = {1, . . . , p} of variables by artificially setting the level of the corresponding variables to a value: do(X J = x J ). The corresponding model is obtained by assuming that all w i,j = 0 for (i, j) ∈ E and j ∈ J ; we denote the corresponding matrix W J . We also assume that the variables X j for j ∈ J are fully deterministic. The resulting model is hence Gaussian once again:
T j e j is a diagonal matrix with 0 at J positions and 1 elsewere, and with
Maximum likelihood estimator 4.2.1 Likelihood
We consider N data generated under
. We denote by K j = {k, j / ∈ J k }, and by N j = |K j | its cardinal. The log-likelihood of the model can then be written as:
Proof. This is mainly due to the fact that for any intervention set J we have
Considering the derivative with respect to m j we get for all j such that N j > 0:
which can be plugged into the likelihood expression to get:
where for (k, j) such as k ∈ K j we have:
Estimators
It can be shown that w may be estimated by solving the following linear system:
Note that the system might be degenerate if the intervention design gives no insight on some parameters. It is hence finally possible to obtain an estimator of σ through:
Toy example (continued)
Let us consider the following design: J 1 = {1} with x 
Fisher information 4.3.1 Hessian ofl
Distribution of y k,j
For all k, let us adopt the following notation:
We can then rewrite Equation (4) as:
, from which we derive that:
Information
The Fisher information matrix I(σ, w) can therefore be written as:
and finally:
Toy example (continued)
We consider the same intervention design as before, except that each condition is repeated 40 times. Let us consider the following design: J k = {1} with x 
Conclusion
Joint causal network inference from a mixture of observational and intervention transcriptomic data is a very important and challenging research question. In this technical note, we provided an explicit formula for the likelihood function in the context of Gaussian Bayesian networks under any complex intervention design, as well as its analytical maximization. For an unknown graph structure with a known parental node order, it is therefore possible to directly estimate the causal effects. A crucial next step will be to propose an algorithm to obtain the optimal parental order. To this end, we envisage the use of a Mallow's [8, 9] proposal distribution in an empirical Bayesian algorithm. The choice of optimal experimental intervention designs is an important practical question for biologists planning future gene knock-out experiments. Recently, Hauser and Bühlmann [2] proposed two strategies for the choice of optimal interventions for Gaussian Bayesian networks. The first is a greedy approach using single-vertex interventions that maximize the number of edges that can be oriented after each intervention, and the second yields a minimum set of targets of arbitrary size that guarantee full identifiability. Future research will be needed to determine whether the optimal knock-outs to be performed could alternatively be chosen by evaluating the amount of information potentially contributed by each possible intervention via the Fisher information matrix. We note that the derivation of the Fisher information matrix is not trivial, especially in the case of a mixture of observational and intervention data; in this technical note, we provided formulae for the calculation of the Fisher information, providing an opportunity for future research concerning optimal experimental intervention designs.
